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1. Introduction

The principal motivation behind noncommutative fuzzy physics [[]-f] is the construction
of a new nonperturbative method for gauge theories ( commutative and noncommutative
) based on the fuzzy sphere S%\, and its cartesian products. The actions we obtain on S%\,
are essentially finite dimensional matrix models. The noncommutative Moyal-Weyl spaces
are also matrix models not continuum manifolds. They only act on infinite dimensional
Hilbert spaces and thus we can use the fuzzy sphere and its cartesian products as finite
dimensional regularizations of these spaces. The limit N — o0 is the limit of the continuum
sphere. The double scaling noncommutative planar limit of large R ( radius of the sphere
) and large N keeping R?/N fixed equal to 62 is the limit of the noncommutative plane.

In this article we will illustrate this approach by reviewing the example of noncom-
mutative fuzzy quenched QEDs in which the fuzzy sphere [fj] is the underlying regulator.
Then we will generalize the results to the 4—dimensional case where the underlying space
is fuzzy S? x S? [{]. Perturbation theory on fuzzy S? x S? can be found in the first reference
of [I3]. Quantum fuzzy fermions will be discussed elsewhere [[L1]]. The theories we get by
including fermions are the noncommutative fuzzy Schwinger model and noncommutative
fuzzy QED,4. For noncommutative Moyal-Weyl QED see 29-BJ]. Fuzzy QED as opposed
to Moyal-Weyl QED is fully SO(4)—invariant and fully finite.



An alternative way of regularizing gauge theories on the Moyal-Weyl noncommutative
space is based on the matrix model formulation of the twisted Eguchi-Kawai model [25].
For example a non-perturbative study of pure two dimensional noncommutative gauge
theory was performed in [R4g].

However the advantage of the fuzzy regulator compared to the Eguchi-Kawai models
and /or to ordinary lattice prescriptions is that discretization by quantization which leads to
noncommutative fuzzy spaces is remarkably successful in preserving symmetries and topo-
logical features 27, B§]. Most important of all are topological quantities, chiral fermions

and supersymmetries which can be formulated in a rigorous way on fuzzy spaces [l [.

2. Noncommutative fuzzy quenched QED,

Let us review noncommutative fuzzy quenched QEDs.

Noncommutative U(n) gauge theory in two dimensions on the fuzzy sphere S% 41 can
be given in terms of three N x N matrices X, ( N = n(L+1) ) through the pure 3—matrix
model action ( with 2 parameters a and m )

Nm?
202

1 2i
§ = N| - 7Tr[Xe, X5 + %eabcTrXaXch — Nm2a®TrX2 + Tr(X2)2. (2.1)

This action is invariant under 1) U(N) unitary transformations and 2) SU(2) rotations.

The classical absolute minimum of the model is given by the fuzzy sphere configurations
Xo=al,®1, (2.2)
L, are the generators of spin % IRR of SU(2) which satisfy [Lg, Ly] = i€gpelc , 2 =

S, L2 = L(£ 4 1). The coordinates on the fuzzy sphere S? ., are defined by

2 2 2 { L,
]+ 3+ a3 = L, [Cﬂa,ﬁﬂa] = €abcTcy, La

NG T Ve

Expanding the action (R.1]) around this solution by writing X, = aRD, yields U(n) gauge

(2.3)

theory on the fuzzy sphere which is given by

2
1
R 2 iEabcT’l“ §FabAC_ [Aa,Ab]Ac +

i 2m? R?
Y TeE2 z il
42N T T 92N 6

— 2
SL.r = 2N Tro“. (2.4)

In above D, = }%La + Ag, Fap = i[Dg, D) + }%eabCDc and ® is the covariant scalar field
d = %(%Aa +Agza)+ 23%_2 where R is the radius of the sphere and g2 = 1/(N2R?a*) has
now the dimension of (lenght) 2. The limit m——o00 means that the normal component of
A, (1e ®=Aun, ) is 0.

The other limit of interest is a double scaling noncommutative planar limit of large R

and large L taken together restricting the theory in a covariant way around the north pole



and keeping R?/./c, fixed equal #2. The action (R-4) ( with m = 0! ) is seen to tend to
the action [ff]

92 ) 02 o 1 2
—1Tr F =—=Tr|iD;, D, . 2.
S0 = gy Tr = T (105 D5+ s ) 25)

Here D; = é)i?i“i + fli, Dg = 9% where D, = D,, A, = A, and
[, 4] = i0%€;;, 23 = R, &4 = Rx,. (2.6)

In two dimensions the action (R.5) is the infinite dimensional matrix model describing U (n)
gauge theory on the noncommutative Moyal-Weyl plane [f]. In this case the trace T'r is an
infinite dimensional trace.

The action (R.4) with the Chern-Simons-like term and with m = 0 is precisely what we
obtain in the zero-slope limit of the theory of open strings moving in a curved background
with S? metric in the presence of a non-zero NS B-field [f]. The action (R.5) is obtained
on the other hand when open strings are moving in a flat background [[L{].

As it turns out the path integrals of U(n) models on the fuzzy sphere S% 41 glven
by (R.1)) are in one-to-one correspondence with the path integrals of U(1) models on the
fuzzy spheres S%; with N = n(L + 1) and thus it is enough to consider only the U(1)
case [[LT|. These U(1) theories are given by the matrix models (R.]) or the noncommutative
gauge actions (2.4) with N = L+1. In the remainder of this introduction we will discuss the
quantum U (1) gauge theory on the fuzzy sphere S?V. In perturbation theory the quadratic
effective action for the U(1) theory on S%; given by (B-4) with the value m = 0 is found in
the continuum limit N—o0 to be given ( modulo scalar-type terms ) by [[2]

T'[A] = 4; / ZQF (14 44 iS)Fab - 4—;2%,)6/ ZSF (1+4 2%)/1 + ... (2.7)
£? is the Laplacian on the commutative sphere £2 = L2, L, = —iegpenp0.. The operator
Az is a function of the Laplacian £ which is defined by its eigenvalues on the spherical
harmonics Y, given by Az(p) = >-2_,1/n. The 1 in 1 + 4¢g°A3/L? corresponds to the
classical action whereas A3/£? is the quantum correction. This provides a non-local renor-
malization of the inverse coupling constant 1/¢g2. We have thus established the existence
of a gauge-invariant UV-IR mixing problem in U(1) gauge theory on the fuzzy sphere for
m = 0. Indeed we can immediately see that in the planar limit the eigenvalues of Az/L?
behave as logp/p? which show a typical singularity at zero momentum associated with
the usual UV-IR mixing phenomena [[[3]. In this planar limit we can also show that this
singularity at p—0 is equivalent to a singularity at §—0 in accordance with [[[4].

The same result will hold for generic values of the parameter m. However we can show
that this UV-IR mixing problem is due to the scalar sector of the model in the following
sense. If we decide to quantize the model (R.4) and then take the limit m—o0 and then
the limit N——o00 then one finds that the effective action of the two-dimensional gauge

!The terms which are proportional to m? are not needed in this limit.



field will be given essentially by the classical action and hence there will be no UV-IR
mixing phenomena. In other words the fuzzy model in this limit is just a fully finite and
fully symmetric truncation of the continuum. This complete regularization of the UV-IR
mixing through taking a double scaling limit in this particular way happens only in 2
dimensions with gauge fields [[[J). The origin of the UV-IR mixing in this case seems to
lie in the coupling of the 2 dimensional gauge field to the extra mode present in the model
which is the normal scalar component ® of A,. This coupling is however unavoidable
because the differential calculus on the fuzzy sphere is intrinsically 3—dimensional. The
limit m——o0 Kills this mode in a covariant way. This perturbative result seems also to
be consistent with the 1/N expansion of [[[§] but not with the full non-perturbative study
done using numerical Monte Carlo simulation in [[[f]. So clearly this perturbative picture
is not the full story.

A more (almost non-perturbative) direct check for the UV-IR mixing in this theory can
be given in terms of the effective potential. The quantum minimum is found by considering
the configurations

X, = a¢L, (2.8)

where the order parameter a¢ plays the role of the radius of the sphere. For small values
of m the complete one-loop effective potential is given in the large N limit by (with & =

VNo) [

a1 1
Vet = 20007 | 20" — 2¢° +

1 3 1m2(¢2 —1)2| +4eylog b (2.9)

4
The equation of motion OVeg/d¢ = 0 admits two real solutions where we can identify the
one with the least energy with the actual radius of the sphere. However this is only true
up to a certain value &, of the coupling constant & where no real solution will exist and
as a consequence the fuzzy sphere solution X, = a¢L, will not exist. In other words
the potential Vg below the value &, becomes unbounded and the fuzzy sphere collapses.
The critical values can be easily computed and one finds by extrapolating to large masses

qﬁ*——l/\/iand
_[ 8 ]%
e m2++v2-1 '

In other words the phase transition happens each time at a smaller value of the coupling

a (2.10)

constant & and thus the fuzzy sphere is more stable. The critical value &, separates the
”fuzzy sphere phase” where we have a U(1) gauge theory on the fuzzy sphere S?V from the
”"matrix phase” where this picture breakes down completely.

The UV-IR mixing is seen at this non-perturbative level as a transition between com-
pletely different phases of the theory. Indeed by crossing to the matrix phase the radius of
the sphere goes to zero and hence the noncommutativity parameter which is proportional
to R in the planar limit will also go to zero. This is the singlar limit of the UV-IR mixing
discussed above. The fact that (R.1() approaches zero when m—o00 means that reaching
zero radius becomes more difficult as we increase m and as a consequence the singular limit



6—0 becomes also harder to reach ( i.e smooth ) for these large values of m. Thus from
one hand the fuzzy sphere is becoming more stable and the matrix phase is shrinking while
from the other hand the UV-IR mixing is becoming vansihingly small as m——o0o which is
our main observation that the two effects must be related at least in this case.

The perturbative UV-IR mixing is a typical property of quantum field theories on
noncommutative spaces which derives from the noncommutativity with no commutative
analogue [}, 14, [[7]. At the non-perturbative level this mixing may be related to topology
change. In this case the 2 dimensional spacetime ( the fuzzy sphere ) collapses onto a point
( the matrix phase ) under quantum effects. The UV-IR mixing in this picture is ( possibly
) a reflection of the fact that spacetime itself may evaporates when quantum fluctuations
of fields are taken into consideration in the presence of a non-zero noncommutativity. The
noncommutativity somehow made it possible that fields and spacetime talk to each other
in the same way that gravity does. A very concrete way in implementing this scenario
are the matrix models (P.J) and their generalization to other fuzzy spaces such as fuzzy
CP? [[]. See [I§] for other discussions of fuzzy CP?, [[J] for higher fuzzy CP™ and [
for fuzzy S*. We believe that most fuzzy spaces will have topology change in the same way
that most noncommutative Moyal-Weyl spaces will have UV-IR mixing.

However the action (R.1]) does not know a priori about all the above perturbative and
semi-non-perturbative statements which rely on our choice of the vacuum (R.3) and on the
different scaling limits considered. So the nonperturbative behaviour of the model for small
values of « ( or equivalently large values of g ) is not obvious. A fully nonperturbative
study of the U(1) model is done by using Monte Carlo simulations with the Metropolis
algorithm and the action (R.1]) in [[[d]. In particular we compute the phase diagram of the
model. In [R1] the study was done for m = 0.

There are three different phases of U(1) gauge theory on S%\,. In the "matrix phase”
the fuzzy sphere vacuum (R.2) collapses under quantum fluctuations and there is no un-
derlying sphere in the continuum large N limit or underlying Moyal-Weyl plane in the
noncommutative planar limit. This is expected from perturbation theory and the effective
potential calculation. In this phase we have instead a U(N) theory on a point.

The other phase is the “fuzzy sphere phase” where (R.d) is stable. We observe that the
fuzzy sphere phase splits into two distinct regions corresponding to the weak and strong
coupling phases of the gauge field. These are separated by a third order phase transition
which is consistent with that of a one-plaquette model [[1], RJ]. This was not detected in
perturbation theory. The gauge field in this phase ( in particular across the critical line
and inside the strong coupling phase ) behaves as if it is a large U(N) commutative gauge
theory on a lattice. Although classically and in the very weak coupling phase the model
is a U(1) on S%. This U(N) behaviour in the limit is consistent with the fact that we
have U(N) in the matrix phase. So the effect of the matrix phase on the structure of the
gauge group survives even after we cross to the fuzzy sphere phase. However in the light
of the above perturbative calculations there is still a possibility that the model (R.1) with
m fixed to some power of N ( so it is not a free parameter anymore) will not show this
one-plaquette critical line [[[]]]. This is also the expectation of [[LF].



3. Classical considerations on fuzzy S? x S?

U(1) gauge field on fuzzy S?xS? is associated with a set of six hermitian (L+1)2 x (L+1)?
matrices Dap (Dap = —Dpa, A, B = 1,4) which transform homogeneously under the

action of the group, i.e

Dap —UDagU™', U€eU((L+1)?). (3.1)

1
(L41)?
coupling constant and m is the mass of the normal components of the gauge field )

The action is given by (with Try = Tr, Trilqye = (L + 1)2, g is the gauge

1 1 7
S = 657 {—ZTTL [Dap, Dep)? + ngBCDEFTTL [DaB, DCD]DEF}

2 2
I Tr(DYp — LAp)? 4 — T DapDep)?. 3.2
+ 82L% 5 r.(Dap ap)”+ 2PI rr(eacpDapDep) (3.2)

In the above action f4pcppr are the structure constants of the Lie algebra so(4). Indeed

the generators Lap ( with Lyp = —Lp4 ) satisfy the commutation relations
. )
[Lag,Lcp] =ifapcpErLEr = 3 <5BCLAD —6ppLac +d0apLpc — 5ACLBD>

7
~ 3 <5DALCB —dppLca+0cBLpa — 5CALDB> (3.3)

The equations of motion are given by

2 2
i[Dcp, Fap,cp] + %{DAB, Py + P} + %{eABCDDCD, P — P} =0. (34)
In above the SU(2) Casimir cg is given by co = %(é +1). As we will show Fapcp =
i [Dap, Depl+ fapeperDEr is the curvature of the gauge field on fuzzy S2xS2 whereas ®;
and @, (defined by D45 — L% 5 = 8,/C2(®1 + ®2) and eapcpDapDcep = 16,/c2(P1 — P2))
are the normal components of the gauge field on S? x S2.

The most obvious non-trivial solution of the equations of motion must satisfy Fap.cp =
0, D%B = L?AB and eapcpDapDeop = 0 (or equivalently Fap = 0, ®; = 0). This solution
is clearly given by the generators Lap of the irreducible representation (%, %) of SO(4),

V1z
Dap = Lag. (3.5)

By expanding D4p around this vacuum as Dap = Lap + Aap and substituting back
into the action (B.J) we obtain a U(1) gauge field Aap on S xS?. The matrices Dap
are thus the covariant derivatives on S%XS%. The curvature Fapcp in terms of Agp
takes the usual form Fapcp = iLapAcp — iLepAap + fapcperAEer + i[Aas, Acpl.
The normal scalar fields in terms of A4p are on the other hand given by 8\/6(<1>1 +d9) =
LapAap+AapLap+A% g and 16,/c3(®1—P2) = eapop(LapAcp+AapLep+AapAch).



The true gauge field on fuzzy S? x S? must in fact be 4—dimensional ( as opposed
to Aap which is 6—dimensional ) and hence the extra two components considered in this
description are scalar fields which are the normal components of Aqp on S? x S2. In the
fuzzy setting there is no known covariant splitting of A4p into a 4—dimensional tangent
gauge field and the above normal components .

In order to discuss the continuum limit of the action (B.J) we introduce the matrices
DY = 1 + Al and D& = L + AP defined by

1 1

1 1
- 5 |:§€abcDbc + Da4:| 5 D((IQ)E -3 |:§EabcDbc - Da4:| . (36)

pW
“ 2

Clearly DY (AEP) and DY (AE?)) are the components of Dap (Aap) on the two spheres
respectively. The curvature becomes F ééj ) = iﬁg)Aé] ) _ iﬁl()j )Agl) + 5ijeabcA((;Z) + i[Agf),Al()j )]
whereas the normal scalar fields become 2,/co®; = (Dy))Q—cQ = Lg) Aﬁf) +A§)L§f) +(A§f))2.

In terms of this three dimensional notation the action (B.9) reads

§ =804 5@ 4 g2
1 12)\ 2
S12) = A (F57)" (3.7)

S and S®@ are the actions for the U (1) gauge fields A((ll) and A((IQ) on a single fuzzy sphere

S%. They are given by

2m?2

! 4D, AS’]A@] e

(i) L o) g
e, (FY) - sgacateTre [iFab AD —

1

@) —
S 12

6
(3.8)

It is immediately clear that in the continuum limit L—oo the action (B.7) describes the

interaction of a genuine 4—d gauge field with the normal scalar fields ®; = n((j)A((f) where

n((f) is the unit normal vector to the i-th sphere. Let us also remark that in this limit
the 3—dimensional fields AEf’ decompose as Ay) = (Ay))T + ngi)q)i where (AEP)T are the
tangent 2—dimensional gauge fields. Since the differential calculus on S? x S? is intrinsically
6—dimensional we can not decompose the fuzzy gauge field in a similar (gauge-covariant)
fashion and as a consequence we can not write an action on the fuzzy S? x S? which will

only involve the desired 4—dimensional gauge field.

4. Note on Monte Carlo simulations and matrix models

Before we proceed to the one-loop quantum theory let us say few words about Monte Carlo
simulations of the above model. The action S(!) on the first sphere can be put in the form

1 2i Nm?
s — N[— JTrXa X + geabcwxaxbxe] — Nm2a®TrX2 + 2m Tr(X2)34.1)
C2
The action S on the second sphere is similarly given by
Nm?

Tr(Y2)?.(4.2)

1 2
S(z) =N |: - ZTT[Y(M }/b]2 + ?fabcTTYavaYc} - Nm2a2TTYa2 + 9
C2



Now N = (L +1)?, X, = ozDgl), Y, = och(?), No* = 6*/N = 1/(Ng?). The coupling
between the two spheres is given by the action

N
S02) — —ETT[XG,YI,]Q. (4.3)

The action which will be relevant for the numerical simulation is the matrix model given
by the sum S 4 S 4 5012) [[]].

To study the noncommutative planar limit we should instead consider the following
action on the first sphere [[L1]

1 2 Nm?
s — N7y | — 7 X, X2 + i Xa Xo X + %Xg — Nm2a®TrX2 + %TT(XP%)Q.
(4.4)
In above X, = ozRDc(Ll), > = 1/(N?R?a*) and m = NP with some power p. The first term
is the action (R.4) without the Chern-Simons-like terms and without the mass term whereas
the second term implements in the limit the constraint D3 = R/6? which means that we
are restricted to the north pole in a covariant way. This action is gauge invariant but not

rotationally invariant. For the seond sphere we should write a similar action whereas the
coupling between the two spheres remains unchanged.

5. The one-loop quantum effective action

The partition function of the theory depends on 3 parameters, the Yang-Mills coupling
constant g, the mass m of the normal scalar fields, and the size L of the matrices. Using
the background field method we obtain the one-loop effective action

1
I'[Dag] = S[Dap] + §TT6TR10g Qapcp — TRlog D4 g. (5.1)

Qapcp is defined by

1, 1 . 4m? )
QaBcp = §DEF5AB,CD — (1= ¢ DapDep — 2iFaBep + LQ—QABCD7 (5.2)
AB

where dap.cp = 0acdBD — 0aDOBC, and

1
QS;BCD = (Dgp — LEp)dascop + §(€EFGHDEFDGH)€ABCD

—DupDep — DapDep +4DapDep + 4D apDep. (5.3)

The notation D4p and F4pcp means that the covariant derivative D g and the curvature
Fapcp act by commutators, i.e Dag(M) = [Dap, M|, Fapcp(M) = [Fapcp, M| where
M is an element of Mat(LH)z. We have also introduced the notation INDAB = %EABCDDCD.
TR is the trace over the 4 indices corresponding to the left and right actions of operators
on matrices. T'rg is the trace associated with the action of SU(2)xSU(2).



In the remainder of this letter we will use mainly three dimensional indices. The
effective action simplifies considerably in the Feynman gauge £ = 1 and for m = 0. We can

compute

1 (1) (1) 4(1)
§T7"6TR10gQABCD = /dXél)e4TTXa Qab Xb

> / dx @ o~ 4TrxPal) xP s2rr(xVFGP x P+ x P FGV XY
a
_ / X (D~ 4Trx D (0l 0l?) X))
% / dX(gQ) o 41T (X(2) —8iX(1).7~'(12)Q(2)*1) aQ((fb) (X(2) _8i9(2)71_7_—(21)x(1&b4)
e ) =D ~S07), 88— 4707 i £5) 108, D),

Fézj) = i[D((li), Déj)]. In above we have also used the identity X gOYap = 4X§1)(’)Ya(1) +
4XP 0y, and the identity

FapoperTrXapYenZer = 166 Tr XYM Z0 4 1664, Tr X2y, 22

. Hence by using the three dimensional notation the effective action takes the form

1 1
[(D) = S(D) + 5TrsTRlog () +947) + 5TraTRlog Q) ~ TRlog D, (5.5)

The quadratic effective action is obtained by keeping powers up to 2 in the gauge field. We
obtain the action

r, =% + 1% + {2 (5.6)
where
r) = 5+ 27 (cgmgw L AD LD + (Agp)?)
TR (2040 £ 40O\ L 20 4D 4 400 _ppl FO L £0)
A a a a a A a a a a A ab A ab
r{t? = b2 _ QTR% (ﬁgl)AS}) + AS’E&”) % (ﬁgf)AE?) + AE?MS?’)
1 1
TR Fy? < Fy. (5.7)
The Laplacian A is defined by
A= (LM + (LD (5.8)

As before Ey) and AEP act by commutators [Ly), .| and [Aﬁf), .| and Ly) and Ay) are

defined in terms of L4p and Aap respectively by equations similar to (B.6). Furthermore

172)

Séi) and 551’2) are the quadratic parts of the classical actions S and SU1?) respectively.



In the following we will consider without any loss of generality the background config-

(2)

uration in which A, = 0. In other words we will study the background matrices

DY = LW 4 AW D@ — [ (5.9)

a

If it can be shown that there exists a UV-IR mixing phenomena in this case then we should
conclude immediately that there must exist a UV-IR mixing phenomena in the general
case since extension to the case A((IQ)#O is rather straightforward and trivial. The effective

action reads for this configuration
r, = i 4+ 12

— sV 4o 2TR% (cgl)A,(}) + AL LD 4 (AE}))2>

—TR% (Ul AL 4+ AL £ 1>> X (c“ AL + Agl>£gl)> TR FD L FO)

AT A
TR~ FUD L 1) 5.10
A ab A . ( . )
Remark in particular that F| 0522) = —i[LéZ),Agl)]. Any function on fuzzy S?xS? can be

expanded in terms of the basis

J>11m1;12m2 = Y/zlml X }A/lgmg- (5.11)
Vi, are the standard SU(2) polarization tensor [BJ]. For example the gauge field A s
expanded as

Agl) = Z Aa(llml,lgmg)yllml;lQmQ. (512)
lymy,lame

The 2-point Green’s function is given by

(l)AB’CD Z Z yl1m1 slams) (yhml 12m2)DC (5.13)
A L+12 (I + 1) + Ia(ly + 1)] '
l1mq lome
In this formula the A,B,C and D are matrix indices ( and not SO(4) indices ) so they run
over the range 1,..., (L + 1)2.
The Tadpole contribution is given by

1) 1) 3
Tryp [LEL )a ylirml;lgmg] [AEL )a yllml;lgmg]
Lh(li +1) +la(l2 + 1)

1 1 1
2TRZ<£( A 4 AW 20 ):—4 >

lima,lamsz

= —4 Z Agl) (kzlnl, k?gng)’}/a(kilnl, k‘QTLg), (514)

kini,kanz

where

1 A~ A~ A~
Z TTL[LEL )7y;;m1;12m2][yk1n1;k‘2n27yllml;lzmQ]

a(F1n1, kang) =
Ya(k1n1, k2ng) Lhlh+1)+1a(lp +1)

(5.15)

limy,lama

,10,



A short calculation ( see the appendix ) yields the result

2T R~

A(dl ALY 4 AV LD = 89/ Tr®y — 46 Tr (A2, (5.16)

In above é; is given by

. 2k1+1 2/{?2+1)
ki(k1+1 5.17
@ L+2 Z: 2 CERE RS 617

or equivalently ¢y = % = L? 4+ 2L+ 2.

The vacuum polarization diagrams are also computed in the appendix. Let us sum-
marize the results. The 4—vertex contribution is

1) 1) <
QTRi _A(l) ’ — _9 Z TTL[A((I)vleml;lgmg][Af(l 7yl1mulzm2] (5 18)
A @ ll(ll + 1) + lg(lg + 1) '
lima,lama
This can be computed quite easily and one finds the result
1 2
2TR— <Ag}>> = Trp AV O (A1, Ap) AW, (5.19)

Clearly Ay = (Egl))2 and Ay = (EELQ))2 are the Laplacians on the two spheres separately.
The opeartor Oy is defined by its eigenvalues O4(p1,p2) ( given in equation (|A.16) ) on its
eigenvectors JA)pl s1;p2sa-

Similarly the F'—vertex contribution can be computed and one finds

_TRAJ:C(Lb)A]:( ) — _TTLF(b)OF(AI,A2) ( ) (520)

The opeartor Op is defined by the eigenvalues Op(p1,p2) ( given in equation ([A.22) ) on
the eigenvectors )A)pl s1:pass- By analogy we will have

—9TR— f(gb ) f(12) = —QTTLF(E;Q)OF(AMAQ)F(;}Z)

A A
(5.21)
Finally we need to compute the 3—vertex correction
1 1
~TR% <c§}>A§}> + Ag})cgp) N (cg}mgw + Ag%gl)) (5.22)

This is by far the most difficult calculation. In the last part of the appendix we find that
this correction gives two different contribution to the effective action. The most important
is a canonical gauge contribution of the form

Tr L0 AD O5(A, Ag) L) AV (5.23)
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As before the operator O3(Aq, Ag) is defined by its eigenvalues Os(p1,p2) ( given in equa-
tion (A.39) ) on its eigenvectors Yy, s :pyss-

The other contribution in the 3—vertex correction (p.22) is of scalar-type ( in other
words it involves anticommutators between A, and L, instead of commutators ) and it was
studied in detail in [[[J]. See also the appendix.

Putting all the above results together we obtain ( modulo scalar-type terms ) the full
effective quadratic action in the form

= 5V + 88 — T FQORFY + TrpcD AP 050 A — 27r FUP 0 FLY
+ Tr AV [04 — 46y AD. (5.24)

We use the identity
Trp L0 AN O 80 AN — 2TrLF(1)(93F(1) - %eabcTrLF(b)(’)gA( ) — Tr AD O3 AL (B35)
Hence
= 5 4558 4 TTLFCS;)(%O;; — Op)FY) - eabcTrLF(b)OgA( )
— 2T FOP O FP 4+ Trp AD (04 — O30, — 425] AL, (5.26)

The eigenvalues of the operators 03,04 and OF are given from the results of the appendix
by

2k1 + 1 2k2 + 1) (2[1 + 1)(212 + 1)
O;(kqlq; =4(L+1)
(kili; pip2) * Zzlﬁ ki +1) +/<:2(k2+1) Llh+1)+1(la+1)

k1,k2 l1,l2
x[1 — (_1)R+p1+p2]
kil ? ko [ ?
. { ; ;} { : } s (lnahizs ) o)
2 2 92 2 2 92

where

ki(kr 4+ 1) (L(l 4+ 1) = ky (ki + 1))

p3(p1 + 1)2
(k1 +1) + ko(k2 +1)

x3(k1kalila; p1p2)

za(k1kalilo; pip2) = ki
zp(k1kalile; pip2) = % (5.28)
In the loop integrals O; the 1 in 1 — (—1)R+p1+p2 corresponds to planar diagrams while the
(—1)f+P1+P2 corresponds to non-planar diagrams as we will explain below. The quantum
number R ( not to be confused with the radius of the sphere ) is given by R = ki +ka+11 +1o.
The pair (p1, p2) represents the external momentum. The pairs (kq, k2) and (1, l2) represent
internal momenta. The factors 2j 4+ 1 give the volume forms ( similar to dp on the plane )
whereas 1/(j1(j1 + 1) + j2(j2 + 1)) give propagators similar to 1/p? on the 4—dimensional
R*. The 65 symbols encode energy conservation rules. The complicated interactions of the
fuzzy photon are reflected in the 65 symbols and the coefficients x;.
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6. The UV-IR mixing in the planar limit R? x R}

]

The analysis of the quadratic effective action (p.2g) ( or equivalently the analysis of the
loop ”integrals” O; ) in the fuzzy finite setting as well as in the large N = L+ 1 continuum
limit of ordinary S? x S2 is very complicated. The main difficulty is that we are always
( at every step while we take this particular limit ) dealing with highly non-trivial sums.
Furthermore the last term in (p.26) is not manifestly gauge covariant and as a consequence
it will not be gauge invariant (in )the large N limit unless it vanishes. The non-covariance of
12
b

the terms which depend on F;*’ is on the other hand only due to our choice of background

a
gauge field given in (.9). Thus gauge covariance can be easily restored in these terms by
considering general gauge configurations with non-zero A((f).

The situation is much simpler in the case of one single fuzzy sphere where a delicate
cancellation between Oy and O3A; existed and hence we were able to maintain gauge
covariance already in the fuzzy setting.

As it turns out we can show in a straightforward way the existence of a canellation
between O4 and O3 on fuzzy S? x S? if we consider a different large N limit of the field
theory. As opposed to the large N ”continuum limit” of commutative S? x S? we consider
instead the large N ”"noncommutative planar limit” of R? x Rg with strong noncommuta-
tivity 6. In the first stage of this limit sums over the second fuzzy sphere can be converted
into integrals over the noncommutative plane which are easier for analysis in many cases.
Strong noncommutativity is crucial since it allows us to freez out all degrees of freedom
on the second fuzzy sphere except the zero mode. At the end we will take the continuum
limit of the first sphere then the usual flattening limit to obtain ordinary R?2.

Thus in taking this planar limit we will treat the two spheres differently. Sums over
ko and Iy ( the second sphere ) will be converted into integrals using the planar limit and
then calculated whereas sums over k; and [y ( the first sphere ) will be computed first in
closed forms ( because it is possible to do that in most cases ) then we take the continuum
and flattening limits.

From the expressions (W), ((-27) and (5.28) we can see that the dependence of

O4(p1,p2) — O3(p1,p2)p1(p1 + 1) on the second sphere is given by the double sum

(2ks + 1) (202 +1)
I(kyly; pupe) =
(K1l pip2) ; e+ 1)+ ka(ka + D (b + 1) + la(la + 1)

sanl

Xm(k‘lkiglllg;plpg) (61)

[1-— (_1)R+p1+p2]

NS
vl J
NN

where

Ll + 1)+ e+ DLl +1) — k(B + 1) — p1(p1 + 1))

x(k1kalila; pip2) = —

pi(p +1)
- [ka(ke + 1) — la(lo + D[l (L + 1) — k1 (k1 + 1)) (6.2)
2p1(p1+1) ' '
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Indeed the difference Oy (p1,p2) — Os3(p1,p2)p1(p1 + 1) reads explicitly

O4(p1,p2) = Os(pr,p2)pr(p1 +1) = 4L +1)* Y (2k + 1)(20 + 1)

k1,01
X {

In the planar limit we take N—o00 and R—oo ( where R is the radius of the spheres )
such that ' = /L = R?/LN ( the noncommutativity parameter ) is kept fixed. Then we
will take the limit ' — co. Hence since N is very large we can replace I by the expression

(2k2 +1) (202 +1) 1+ +
I(kqly; = 1 (—1)katht+p
(kilis pipo) ,;12 ki(k1+ 1)+ ka(ke+ 1) lh(li + 1) + 12(la + 1) (=1) ]

o~

2
£1 } I(kily;pip2) - (6.3)
2

ol S
ol T

0
» (053012)2 x(k1kalilo; p1p2)

6.4
2ps + 1 L+1 ( )
where we have used the asymptotic behaviour of the 65 symbol for very large angular
momentum Y=L = £ given by B3
2 0
p2kaly | _ (Claon0)” + (6.5)
555) (L+DEp+1)

Since R+p; +p2 must be an odd number ( coming from [1 —(—1)#+P14P2] ) we can conclude
that p1 + k1 + {1 is also odd because py + ko + o must be even from the properties of the
Clebsch-Gordan Cﬁjgbo .

Furthermore in this large planar limit we will identify any angular momentum j» on the
second fuzzy sphere with the corresponding linear momentum F;, on the noncommutative
plane by the relation ja(j2 + 1) = RQP]?2 =N HP]22 As a consequence all angular momenta
P2, ko and ls on the second fuzzy sphere can be assumed in this planar limit to be very
large compared to 1. Quantum numbers on the first fuzzy sphere are defined by a similar
formula 7, (j1 +1) = R2Pj21.

Since we will take the planar limit of the second fuzzy sphere in such a way that we will
have a strong noncommutativity parameter while we will take the continuum limit ( then
the ordinary flattening limit ) of the first fuzzy sphere, we need to manipulate momenta
on the two spheres differently. In the first stage we will fix the first fuzzy sphere ( in
other words we will fix the planar momenta Pj, ) so the effect of the limit on this sphere
can be undone at the end while on the other hand because 0§Pj22§1 / 0" we can see that
planar momenta Pj, on the second fuzzy sphere approach 0 as 1/ V6 which will simplify
our integrals considerably. In the second stage we will take the continuum limit of the first
fuzzy sphere then the ordinary flattening limit so we end up with R? x Rg. We will also
comment in the next section on the noncommutative planar limit of the first fuzzy sphere
in which we end up instead with the space Rg X Rg.

2Note that compared with @] the leading behaviour of the 65 symbol is taken here to be proportional
to 1/(L 4 1) instead of 1/L for convenience. This difference is clearly unimportant in the large N limit.
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All angular momenta po, ko and I on the second fuzzy sphere are very large compared
to 1 and thus we can approximate the square of the Clebsch-Gordan 052281203 by [BJ
0
(Chaoo)® 1 1

1 6.6
2p2 +1 T/—kE — 13— pd + 2k212 + 2k2p3 + 212p3 (6.6)

Let us also remark that from the properties of the Clebsch-Gordan coefficients we know
that ls must be in the range ko — po<lo<ko 4 p2. Hence the sum over I in I with = equal
to the first term in (B.2) will be given by the integral

ko+p2 9y + 1

k;Q \/—k‘é1 — l4 p2 + 2k313 + 2k3ps + 213p3
_ /k2+p2 dlz(l2 +1)]
ke V1IE = (k2 + p2)][(k2 — p2)? — B3]

/(P@Jer)2 dpP?

(Plo=Fi)® \J[PE = (Puy + Poa)ll(Pha = Ppa)* — P]
4Py, Py, da

a 0 VL 4P]€2 Pl2 )
= . (6.7)

In above we have used j = V0N P; + ... with corretions which go to 0 with N—o0. This
result is independent of k2 and hence the extra sum over ko in I will lead to

Uiy + 1 y P2 L ody
Z =7 2 g =T 5 (6.8)
kQ ko+ 1)+ ki(k1+1) o Ff +Pk1 0 y+9Pk1

Let us recall that 0§9/P,32§1 from which we see that the range of Py, shrinks to 0 and
hence the integral is dominated in this limit by the value P,?Q = 0. The above sum ( which is

proportional to the contribution to I coming from setting x equal to the first term in (f.3)
) is equal

2k2+1 T
— 6.9
”Zk2k2+1 )+ k1(ky + 1) 9P,§1+ (6.9)

In this equation we have also used the limit 0 —s o0 keeping Py, fixed. Finally we
need to multiply this result by the factor —(ki(k1 + 1) — li(ly + 1) — pi(p1 + 1)) (1 —
(=1)ki+h+P) /(rNpy (py + 1)) in accordance with equation (B.4) to get the full contribu-
tion to I coming from setting  equal to the first term in (.2) .

In this strong noncommutativity planar limit of the second fuzzy sphere the UV and
IR regimes on the corresponding noncommutative plane are one and the same if we choose

3This is the probability to couple the angluar momenta ks and l> with projections equal 0 to give the
angular momentum p2 with projection equal 0.
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not to use dimensionless variables. The UV regime should thus be defined by the momenta
which are such that GIPI?Q—& whereas the IR regime should be defined by the momenta
for which HIP/IS2 —0 otherwise there will be no distinction between these two regions.
Everything is measured here in terms of the noncommutativity parameter 6.

The sum over Iy in I with x equal to the second term in (p.J) will lead on the other
hand to a vanishingly small contribution in the limit. Indeed this sum is given by the

integral
1 /k2+p2 d[la(la + 1)] ka(ka +1) —lo(la +1)
2 Jkap V5 — (k2 +p2)2][(k‘2 —p2)? = 15] L(li +1) +Da(l2 +1)
r P2+P} dz 1
Ty e : (6.10)
2 2 1 V1—=22 P + P + P2, — 2P, P,z

The sum over ks is given by the integral

1
2%y + 1 ) /e_’ dpg, /1 dy y
g P = ——5 —)(6.11
ok +1) e ! ) = P2+P2f( ) = 0 +0P2f(0’)(6 )

The function f from (p.1() is

fy = Ty T s :
0 2 2 1 \/1—5529/PlQl+y—|—9/Pp22—2 Y6’ Pp,x
o By
2 P} + B3,
2

™ By,
=g 6.12
o (6.12)

In above we have used again the limit & — o0 then we used the fact that the momentum
Py, on the first fuzzy sphere is fixed wehereas the momentum F,, on the second fuzzy
sphere is such that 0§P§2§ 1/ 9" and thus it goes to zero as 1/ V#'. We obatin then

2
T 1 B,

equation (p.1() = —EH,PIE P—l2
1 1

(6.13)

We can check that this yields zero contribution to I because of the factor i (l1+1)—k1 (k1 +1)
in the second line of (6.g). This is expected since for ly = ko ( which is the value which
dominates the sum over lo ) the second term in (.4) is zero. This is also expected from
the fact that if we set po = 0 then we must have Iy = k9 and hence the second term in (@)
vanishes.

Therefore the sum I will be dominated in this limit by the part with = equal to the
first term in (B.2) which is given by equation (6.9) x —(ki(k1 +1) — l1(l1 + 1) — p1(p1 +
1))(1 = (=1)kHh+r1) /(Napy (p1 + 1)) in accordance with equation (F-4). This yields the
difference

O4(p1,p2) — O3(p1,p2)p1(pr + 1) = —4L(L + 1)? Z
k1,01

(2k1 + 1)(201 + 1)
/{?1(/{?1 + 1)

[ _ (_1)k1+11+p1]
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2
o {Pl k1l } Llh+1)—ki(k1+1) —pi(pr + 1)

554 pi(p1 +1)
(6.14)
By using the result of [[J] we can do the remaining sums over k; and I; to obtain
Ou(p1,p2) — Os(p1,p2)p1(p1 +1) = 8L(L + 1). (6.15)

Similarly we can compute the double sum (f.17) in this planar limit by first converting the
sum over ks into an integral and then performing the sum over k1. The result is as follows

—4¢é9 = —8L(L 4+ 1). (6.16)
Therefore we see that in this limit

O4(p1,p2) — O3(p1,p2)p1(p1 + 1) — 4ép = 0. (6.17)

The effective action in this noncommutative planar limit on noncommutative S%; x R2 (
the first sphere is still fuzzy ) becomes manifestly gauge-covariant given by

10, 4AL(L+1)

ry = SV + 852 4 e FY) [ -2 Op|EY — e TriFY

27, Ay
1 4L(L +1
|10 AL A V] 40) _opy, p1D g, p12) (6.18)
2, A a a

For completeness let us also discuss what happens to Op in this noncommutative planar
limit of the second fuzzy sphere. The relevant integral over ks and Iy is given in this case
by

Ip(kily;pip2) = - [1— (=1)fthte] /91/ 7dP,32
’ 27 N2¢ o PL+PL
" 1 dr 1
1 V1—22 P2+ P2 + P2 — 2P, Ppx
L 1
— 7[1 _ (_1)k1+ll+p1]
2N26? (PE)(PE + P3)
1

/{?1(/{?1 + 1)11(11 + 1)

+ ...

— 5[1 _ (_1)/€1+l1+p1]

+.. (6.19)

In above we have again neglected corrections proportional to the external momentum FP,,
since it goes to 0 in this limit as 1/ Vo'. The remaining sums over k; and [; are done in [@]
where we found the result Op——0 in the continuum limit of the ordinary sphere. Hence
the effective action becomes on noncommutative S? x Rg given by

n[10s 4L(L+1)

Ty = Sél) + 55172) + TT'LFéb N AL F(i;) — EabcTrLF(;)

a
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104 AL(L+1)] 4

by il v AW, (6.20)
The two quantum contributions ( the second and third terms ) are non-zero gauge invariant
corrections to the classical action which shows that the quantum theory of U(1) fields on
noncommutative 8% x Rg is a non-trivial theory as opposed to the quantum theory of U (1)
fields on commutative S? x R? which is trivial. This indicates the presence of a UV-IR

mixing phenomena in this model.
Finally we need to compute Oy by converting the sums over ko and lo into integrals
using the large 6’ limit, then performing the remaining sums over ki and ;. In this case

we have
Li(kalipipa) = —[1 - (~1)f+n) / dP} /+1 .
4(R1t1;p1p2) = N ko /—1 — 2 p2 _|_P2 _|_P132 — 2P, Pp,x
L
— 1 _ _1 k1+11+p1 - _|_ 621
=D NED) (6.21)

Again we have neglected subleading corrections which are proportional to F,,. Finally
performing the sums over ky and [y yields the answer

104
27,

AL(L +1) _ 4L(L+1) il
k

6.22
Ay ~ pi(pr+ 1) (6:22)

—(p1,p2) —

The flattening limit of the above action is straightforward and we can immediately conclude
that the U(1) theory on noncommutative R? x Rg is non-trivial as opposed to U(1) theory
on R? x R%.

7. The beta function and the planar limit R} x R

Let us explain the point about the UV-IR mixing further by taking the planar limit of
the first fuzzy sphere in computing the operator Q4 so we end up with Rz X Rg instead.
Modulo the terms involving O ( which need to be recalculated ) the above action (p.2() is
still valid in this different limit. Now from the other expression of O4 found in the appendix
we have

(2k1 + 1)(2k2 + 1) k14kot 2
=4 1 — (—=1)krtke p1+p2 L 1
Ou(p1, p2) k; ki(ki +1) +k32(k‘2+1) (=1) (L+1)

ity @

The first term inside the bracket results from performing the sum over I and I in (p.27)
with [1 — (—1)%+P1+P2] replaced with 1; this is the planar contribution to the diagram. The
second term in the above formula results on the other hand from performing the sum with
[1 — (=1)F+P1+P2] replaced with —(—1)f+P1+P2; this is the nonplanar contribution. In the
commutative these two contributions are equal and hence they cancel each other.

NgIN]let

L
2
L
2

NgIN] !
(NNl
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As it turns out we can use in the large L limit ( for py,ps << % and 0<ky, ko<L ) the
same approximation used in [[L3], namely

D1 % % N(_l)L+p1+k1P (1_ Qk%) P2 % % N(_l)LererkzP (1 B 2]{%)(7 2)
kLT L+1 TP L27 ket &7 L+1 7 L2
To obtain
1
o dPZ dP; 20 20
of Ol Oy 2 2
Ou(p1,p2) = 4/0 ﬁ [1 =By (1= 7 P0) P (1= P |- (7.3)

P, are the Legendre polynomials. For p; >> 1 and H/P,fl << 1 we can also use the
approximations used in [[L3], viz

20 d ~
By, (1 kaQl) = Jo(20Pp, P,) + ... = / %emepplp’ﬂ cos g1, (7.4)
T
By rotational invariance we have 0Py, B, PY. = 0P, (Py,cos¢1) ( with Bz = —1 ) where

we have chosen the 2—dimensional external momentum F,, to lie in the y—direction and
¢1 is the angle between the internal momentum P;l and the x—axis. Thus we obatin (

with d?Py, = Py, dPy,d¢1 and d*>Py, = Py, dPy,d¢s)

L
4 9 d2P, d*P )
1 2

The second term is precisley the canonical non-planar 2-point function on noncommutative
Rg with Euclidean metric Rg X Rg whereas the first term is the planar contribution. Two
important remarks are now in order. 1) The external legs of this 2-point function are two
curvature tensors Fé;) for the third term of (f.2() and one curvature tensor Fé;) and one
gauge field eabcAgl) for the fourth term of (§.20). 2) These contributions are not necessarily
identical to what we usually obtain on noncommutative Rg. This is not surprising since
we obtained this noncommutative Rg in a very special way by scaling fuzzy S? x S2?. The
scaled commutation relations can be checked to be those of noncommutative Rg. The
structure of the phases indicates also that we are indeed dealing with a noncommutative
R}. Comparing ([-§) with the first equation of section 4.D of [§ we can see that ([-§)
corresponds to the second term of that equation which is proportional to the metric 7;;.

The above integral shows a divergence at zero momentum. This is only an artifact of
the approximation used above. The regularized value of Oy is given by (6.22). If we take
the planar limit of the first fuzzy sphere by rewriting this result as

10, AL(L+1) _ 4 | RIB,

2a, PP T AT T s

(7.6)

Then We recover the usual logarithmic divergence when R—0 ( i.e 0'—0 ) or equivalently

P, —0.
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The renormalized U(1) gauge coupling constant g?(P) ( which is obviously momentum
dependent ) can be easily read from the above discussion. We obatin immediately the
formula

1 1 2 R?P?

=S mt .
12(P) af T eP 4 (7.7)

P is the momentum on the first NC plane Rg which is in the range 0<f P2<1. Looking

at high momenta g2 in the UV region near the cut-off 1/ 6" we can see that 9,332 In R24P ® s
approximated by 21n R24P ® and hence in this regime the above formula reduces to
1 1 R??
=— 421 7.8
P a2 9
or equivalently
dg(n) 3
p——= = —8g"(n) (7.9)
o

This is ( upto a multiplicative factor ) the same beta function derived for noncommutative
U(1) gauge theory in [P4, [ij. The most important things are the negative sign and the cube
power which come naturally out of the model. Thus the strong noncommutativity limit
considered in this note captures already most of the essential feature of noncommutative
U(1) gauge theory on Rg. This also shows explicitly how large N fuzzy S? x S? acts as a
regulator of noncommutative Rg.

Restoring SO(4) covariance is straightforward. We only need to consider a background

gauge configuration with both A((ll) and A((f) non-zero. There will be extra terms to be

)

and AP ) are of the same strucutre as those already considered in this article. See the

computed in the effective action but fortunately all of them ( even those which mixe Al

effective action (5.7) . Their analysis will be therefore easy and there will no additional
physics to be learned from this calculation.

The last point is with regard to the mass terms in the original model (B.9). In two
dimensions the presence of such terms with m——o0 causes the UV-IR mixing to disappear.
Loosely speaking this can be traced to the dimensionality of the space. As we have already
explained the effect of these terms in the large mass limit is only to project out the scalar
normal components from the theory and hence effectively reduce the three dimensional
trace in %TrgTRlogQ to a two dimensional trace. Taking also the ghost contribution
—TRlog D? into account we see that the effective action will only consist in terms depending
on the curvature which as we have shown in [[J go to zero in the limit anyway. This
scenario does not happen here in 4 dimensions for the obvious reason that we have in this
case the gauge contribution %TT’GTR log €2 while the ghost contribution does not change
and it is still given formally by —TRlog D? . See equation (5.1]). Thus with the presence
of the mass terms ( even if we let the mass goes to infinity ) we expect the UV-IR mixing
to persist in 4 dimensions as opposed to 2 dimensions.
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8. Effective potential on S? x S? and topology change

Let us redo the calculation of the effective potential on fuzzy S? x S? done originally in
the first reference of [[J]. In here we will also consider the case when the two spheres have
different radii and hence the configurations of interest are given by

DY = ¢ LV, D) = 4L (8.1)

The starting point is the effective action (b.1]) with ¢ = 1 and m small. After some
calculation we can show that the value of the effective action in these configurations is
given by

2
&+ (67 - 17

Ve (01, ¢2) = F(¢1Lgl)7¢2ng)) _ L+ [1&11 é

2¢2 4
L(L+2)

+ g

1 1 2
o get+ @ -1
+ 2TRlog [¢§<c§3>>2 + 3LV +....  (82)

The only interaction between the two spheres is in the quantum contribution.

There are several possibilities to be considered here. First of all if we insist on the full
SO(4) rotational invariance then we must set ¢ = ¢2 = ¢. In this case we can compute
that the above potential will admit a stable minimum ( in other words a solution ¢ to the
equation of motion wille exist ) for all values of g? which are less than the critical value (
see the first reference of [ff] )

m2+\/§—1
16 ’

Below this value we have ¢~1 ( "the fuzzy S? x S? phase ”) whereas above this value we
have ¢——0 ( ”the matrix phase” ). In the fuzzy S? x S? phase the field theory is a U(1)
gauge theory at least in the very weak coupling region. We suspect that the gauge group

gL = (8.3)

structure inside the fuzzy S? x S? phase will change at some point ( which means another
phase transition ) from U(1) to U((L + 1)?) in analogy to what happened on a single fuzzy
sphere where the gauge group changed from U (1) to U(L+1) inside the fuzzy sphere phase.
Indeed the dynamics inside the matrix phase is given by a U((L + 1)?) gauge theory on
a point so the expectation that the gauge group will change inside the fuzzy S? x S? at
some coupling before we reach the matrix phase is natural. The most important point in
all this physics is the topology change S2 x 82—{0} which seems to be related to the
UV-IR mixing phenomena.

But there is more. If we do not insist on SO(4) rotational invariance then we can
consider the configurations with ¢; = 1 and ¢2 = ¢ ( or the other way around ). Then
similarly to above we can compute that the potential will admit a stable minimum for all
values of g? which are less than the critical value

m2+\/§—1

2[2
p—
Gy ’2 32

(8.4)
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This is half the original value g2L?|;. Below this value we have again "the fuzzy S? x S?
phase ” where ¢~1 whereas above this value we have ¢——0 which is now a ”fuzzy S? phase
”. The topology change here is seen to be 8% x §2—82.

Putting the two facts together we have the following picture. For values of g below g.|o
we have a fuzzy S2 x S? while for values of g between g | and g,|; we have a single fuzzy
sphere and for values of g above g.|; we have a single point. Thus the topology change
obtained in this model is S? x S2——82—{0}. Remark that the critical values become
large for large values of the mass m which makes the transitions and as a consequence the
topology change harder to reach from small couplings.

9. Conclusion

In this article we have calculated the one-loop quantum correction of U(1) gauge fields on
fuzzy S? x S2. In the large N planar limit we have shown the existence of a gauge invariant
UV-IR mixing. We have also computed the beta function. In the strong noncommutativity
limit considered here most of the essensial features of noncommutative U(1) gauge theory
on the Moyal-Weyl Rgl emerged. In this sense we have explicitly shown that large N fuzzy
S? x S? can be used as regulator of gauge theory on Rg.

In this model we have also shown from the computation of the effective potential the
existence of ( first order) phase transitions 1) from fuzzy S? x S? to S? and then from S?
to a single point ( matrix phase ) or 2) directly from fuzzy S? x S? to a matrix phase. This
last transition is also rotationally invariant. We argued that this topology change is related
to the perturbative UV-IR mixing. This picture seems to be consistent in 2 dimensions.
The transitions can be removed if we take the mass of the normal scalar fields to infinity
however the UV-IR mixing in this case ( as opposed to 2 dimensions ) persists.

Since one of our main goal is to have a nonperturbative regularization of U(1) gauge
theory in 4 dimensions we must find a way to get rid of ( or at least understand better )
the UV-IR mixing and the matrix phases. The inclusion of fermions in this model is a very
important issue since it would give us a nonperturbative approach to QED ( or QCD for
higher gauge groups ). We also think that adding fermions will remove to a large extent
the topology change observed in this model. Fuzzy perturbation theory involving fermions
will be reported hopefully soon [[L].
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A. Fuzzy perturbation theory

The tadpole diagram We will use the following identities

. B g <
yllml;IQmQ - (_1) ! 2yl1*m1;l2*m27

\ )+ _
Trp (ykﬂu;kwmyllml;me) - 6k1l16k2l25n1M16n2m2 (A'l)
/ /
¢ < o l3m3l3m3 2
D)klnﬁkQ"?’yllml;bm?] - Z Z leml@m;llmllzﬂwyl3m3;l;,mg
4

= (L+1)\/(2ly + 1)(2ly + 1)(2k; + 1)(2ky + 1)

/ o) kil ko 1y 1)
St g [ L ]

l3m3lgm/3 2 2 2
<Oy iy iii:;glzmzylsms;lémé
R="Fk +11+ ko + o, (A.2)
and
L, Dmastama) = VI + 1) CLE Vi 4 pstams- (A.3)

A straightforward calculation yields

ll(h"’l) li—mi1+pnlimi—plam
r}/a(kjlnla k2n2) = 775(_1)# Z ll(ll + 1) n l2(l2 + 1) Clll—m1171ulelnik2n22;l13n1l2m2(A'4)

lima,lams

The coefficients 74 satisfy nhn}, = (=1)*84410,a = 1,2,3, 4 = 0,+1,—1. The sums over

mq and mg can be done using the identities

Iy —ma+p ~lyma — 20 +1 !
Z Clll—zllluuckllzzllllgn = 3 5k115n17_ﬂ7 Z Ck;?:;lgmg = (212 + 1)5162057120- (A5)
mi ma2
We find

1 (20 +1)(202 + 1)
o(kiny, k = —p*(=1)"0k, 10k, 00ns —u0n 11(1 1 N§]
Ya(krna, kono) = 20t (=1)" 0k, 10,00, Q,OIE;MH)HZUQH)\A(1+ ) h6)
1,502

where

1051 01y 1
Wity = 2L+ 1)/3(20 +1)(2lz + 1)(—1)1 { LLL } { Liy }
2 2 2 2 2 2
11(1 1
_ M’ (A7)
IR

where we have used the two 6j symbols

1hh | (DEH 0+ ) 00yl | (—1)b+h s
L L (T L+ 1o@h ) | 555 VZ+n@h+n

o~
o~
o~
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Hence

’}/a(klnl, ]CQTLQ) — _mnz(_l)uékl,15k2706n1,7“5n2,0

(211 + 1)(2[2 + 1)
2 2 Tl 0+ iy Y

2=
L+1)* -1
= _%m‘;(_1)M5k1,15162,05711,—;15@,0- (A.9)
The Tadpole diagram is therefore given by
1 (L+1D)*—1 @
2TR—( LM AY + A(”c(l)) =4 =AM — 00
A ( a a a a 3L(L T 2) ,u( o )
(L+1)* -1 1
=8 Tr  AVLL
L(L +2) = tfa fa
(L+1)* - (L+1)* -1 .
= T — 4L T (AD)2,
oL+ Velr® -4 Treldd)
(A.10)
The 4—vertex correction We can immediately compute
Z (_1)ml+m2TrL[‘)>klln/1;k;nl27 j)llfml;lgfmg][j)klnl;kgngaj}llml;lgmg] =
mi,ma
n b lsmslym, I3—msly—m
Z Z (_1)7”1 " Z ( 1)m3 mSlenlk?;nj,ll milo— mQlenlenQ’llmlme (A 11)
l3,ll3 mi,ma2 m3,m3
The sums over m1, mao, m; and mg can be done using the identity
l l
Z ( 1)m1+m20p21777z1211 mlcpzn:l?M1 -
mimse
20 +1
= 2 _1)n1(_1)ll+l2+p15p1p25n1,—n2 : (A.12)

V(21 +1)(2p2 + 1)

We obtain ( with 8, = (=1)"*"25, /6, /¢ ) rand R=11 + o+ k1 + k2)

kik; “kaky nl,—nl ng,—n,

(L4 12+ D@+ 15y 3@l + D + 1)(1 - (~1)FH) { s }

13,0y

222
ky bo 1. )
2 02
{LLE} (A.13)

2 2 2

or equivalently ( by using identities 5.2 and 5.3 of [[7] )

2 1 Rk 55 k2 & %
CO(L 4 122+ 1)(2hs + 1)5, [m e AR ] (A.14)
2 2 2 2
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The 4—vertex correction is therefore given by
> (=02 AN (prsi, pass) AL (p1 — s1,p2 — 52)Oa(p, p2) (A.15)
P151,p252

where

(2k1 +1)(2k2 + 1)
O4(p1,p2) = 4

4(p1,p2) k;g ki(k1 4+ 1) + ka(ko + 1)
X [1 —(
4(L +

_1)k1+k2+p1+p2 (L + 1)2 {zi

NigiNlel
NiaiNl el
NigiNlel
NNt

Heiih

P Y 2k +1)(2ks +1) (21 + 1)(20s + 1)
Ey(ki4+ 1)+ ka(ko + 1) (L + 1)+ lo(la+ 1)

k1,k2 I1,l2
X[l _ (_1)R+p1+p2]
kil 2 ko 1 2
x{p; L Ll} {7’;;2} (i +1) + 1ol + 1)) (A.16)
2 2 2 2 2 2

The F—vertex contribution The 3-vertex correction corresponding to the curvature

Fé;) is given by

Ml _
TR F A]—"ab =
TTLFb yklnl,k2n27yllml lQmQ]TTLFb [yl1m1712m27yk1n1,k2n2]

Z Z [k (k1 + 1) + ka(k2 + D[ (I + 1) 4 l2(l2 + 1)] (A17)

In above the notation is k = (k1ni, kang), | = (lymq,lamsz). We need to compute

Z Z (_1)n1+n2+m1+m2

ni,nz2 mip,m2

TTL;)}plsl;pQSQ DA)lﬁm;anz ) j)h—mulQ—mz]TTLj)qltl ;q2t2 [j)hml;bmz ) 5)191 —m;kQ—m] _
[kl (kl + 1) + kg(kg + 1)”[1 (ll + 1) + 12(12 + 1)]

( 1)sl+sg+t1+tQQp1 S1p2—S2 q1—t1g2—1t2
kinikang;li—malo—mo ™ "limilomaski—ni1ka—no

e Kok + DIl + 1) + la(ls + 1)

ni,n2 mip,m2

(A.18)
: D1 —S1P2—S2 _ (Op1p2 P1—S1 P2—52 :
By observing that lemkgm D myly—mmy = Qk‘lkg;lllgck‘lnlh 1 Clanaly—my+ €tC With an ob-
vious definition for 2 and then using the identity
P1—$ Nt +m1 _ t
Z Ckllnllll mi lllmllitlfnl(_]‘)nl = (_1) 15‘]1171(%17_51 (Alg)
n1,mi
we obtain
QpP1p2 QpPLp2
kiko;l1l2" "l1l2;k1k 2
1R2;0102 102,R1R2 :2(L+1)5qp

P [k1(k1 4+ 1) + ka(ke + D[l (1 + 1) + 12(le + 1)]
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(2k1 + 1)(2ka + 1)(2L1 + 1)(2l2 + 1) _ (_1)R+p1+p2]
[k1(k1 4+ 1) + ka(ke + D[l (11 + 1) + 12(le + 1)]

SR

Hence the F-vertex correction is equal to

Ny

N[y
vl J
Nieien
ol 3

(A.20)

1 1
TRK}-&)KJ:‘%) = > (—1)*+52 B (prsipasa) FLy) (p1 — s1p2 — 52)Or (1, p2),

p1S1p2s2

(A.21)

where

B (2k1 4+ 1)(2ky + 1)(20y + 1) (25 + 1)
OF(pLPQ) - 2(L+ 1)2 Z Z [kl(kl + i) —i—kg(k;—i- 1)”[11(11 +1) j—lg(lg + 1)]

k1,k2 11,12
2 2
} { } _ (222
The 3—vertex correction This is given by

TR% <££})A£}) - Asmgﬁ) % (cmgw + Ag%gw) -

x [1— (_1)R+p1+p2] {

ot~ T
SIS
ol T
NI

ol S
NigEon

1 ' 1 S 1 ' 1 S
LEL )7yk1n1;k2n2][A(—;)u yIWLl;lQTVLQ]TTL[L(V )7 yllmUlQmQHA(fl)/’ y]:;nl;kzng]

TTL[
2 —1)#tv
klnlz];ZRQlllel:ZmZ( ) [F1(k1+1) 4+ k2 (k2 +1)][1 (lh+1)+12(l2 + 1)) +
2 Z Z (71)“+V TTL[LIS‘I)7)}k1n1;k2n2]["492ﬂ‘)A;lthlzTYLz]TrL[A(jl)ﬂ)}llm1$l2m2][[’5’1)7‘)A;I;nnkznz]
i s L Tome (b + 1) + ka(kz + D[l (I + 1) +12(l2 + 1)] '
(A.23)
We compute
1) ~ 1) ~;
(_1)MTTL I:LEL )’ yklnl;k2n2] [A(—;)w lelrml;lQmQ]
1
ST A (prsipasa) (—1)™ 2 (<1) 2k (y + 1)
P181,p282
k1k2 kini+up ~ki—ni1—p ~ka—no
XQp1p2711l2 kinilp Cp181l1—M1 p2sa2la—ma
v 1) A 1 "
(_1) TTL[LS/ )7yl1mulzm2] [A(fl)ﬂ y]:;nl;kgng]
= Y AU qrtigato) (— 1) (<12 (0 1)
qit1,q2t2
XQlllQ Cllm1+ucll—m1—u Cl2_m2 (A24)

q192,k1ke “limily ~qatiki—n1 7 qatake—n2
and

14 1 \: Y
(—1) Try, [A(_l)n yllrm;lzmz] [Lz(/l) ) yl:—ml;kzm]
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k1—ni1+v ~kini—v
¢ qutlllml

1 Ak k
= Y Al (aitigate) VR (ke + Q2 O
q1t1,q2t2
k
qu;tZ?QmQ. (A.25)
The sum over ny and mo can be done using the identity
ko— lo— \/(2k2 + 1)(2l2 + 1) ko+lo+
Z Cp2252722*m2 qitQZLQQ*WQ - 2p2 + 1 (_1) o 825‘]2]7251527—82 (A'26)
na,ma
whereas the sum over n; and m; can be done using
kini+p ~ki—ni—p limi+v ~li—mi—v
Z Clﬁmlu Cp18111—m10l1m1111 Cqﬂhkl—m
(A.27)

ni,mi
Vk1 + 1) (20 + 1) (D) Hhrhtn g (B lpysiqit; g, v)
VEi(kr+ D)l (l +1)(2p1 +1)(2q1 + 1)

where f; is the function which appears in the single fuzzy sphere case in equation (C.9)

of [[Z. Explicitly it is given by
k k—
il

filkilipisiqity; p,v)
= VEi(kr + Dl + )21 + DQa + )2k + DL +1) Y Cpt iy,
km
li k1 p1 kil ¢
. A.28
X{lkkl}{lkll (A.28)
The first term of (JA.23) becomes
2L+1)% > N AQL(P151P282)AQZ(Q1HP2 — s2)(=1)" 2
P151,p252 q1t1

Z Z (2k‘1 + 1)(2k2 + 1) (2l1 + 1)(2[2 + 1)

f Ei(ki 4+ 1)+ ka(ko + 1) li(li+ 1) + l2(la + 1)

1,k2 1,12

x[1 — (_1)R+p1+p2”1 — (-1 R+q1+p2]

2
kil kil kol
e et} semanen o
2 2 2 2 2 2 2 2 2
Next we compute the second term of (A.23). The sum over n; and m; will now be done
using the identity
ni1+mi ~kini+u ~ki—ni+v ~ki—ni— kini—v
Z (_1) i ICk;nllluMCk‘ll*n;;:/ Cp1181l1177;:bl q11t1;1m1
(A.30)

ni,mi
_ (2ky + 1)(=1)** fo(kyliprsiqits; pu, v)
ki(ki +1)y/(2p1 + 1)(2q1 + 1)

where f5 is the other function which appears in the single fuzzy sphere case in equation

(C.14) of [[[Z. Explicitly it is given by

fo(krlipisiqitis p, v)
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= kl(kl + 1)(2k1 + 1)\/(2]?1 + 1)(2QI + 1) Z( 1)k+kl+llcp1511ucjltﬂu

km

LSk ko (- (A.31)
1 k /{?1 1k kl

We obatin the same result (A.29) with the replacement f;—(—1)*2+2+P2 f, and hence the
full 3—vertex correction will be given by

2(L +1) Z Z Agi(p181p282)A93(q1t1p2 — 5g)(—1)%1Fs2HY

P151,p252 q1t1

YT 2k +1)(2ka +1) (2 + 1)(20s + 1)
Ey(k14+ 1)+ ka(ko + 1) (L + 1) + l2(la+ 1)

K1k l1,l2
[ ( )R+p1+p2” _(_1)R+Q1+p2]
2
{p1 k1 Uy }{(h kq 11}{1?2 ) ZQ}
YL LL L L L L L L
2 23 2 2 2 2 2 3

X <f1(]€1l11?151qlt1;#> V) + (1)t ¥P2 o (kg 1 prsigatas p, V)>- (A.32)

Let us remark that we must have the conservation laws R+p;+p2 = odd and R+q1+p2 =
odd and hence we must always have p; + ¢ = even. In f1 and fy the angular momentum k
can only take the values k = p1,k =p1+1and k = p; — 1 or equivalently k = q1,k =q1 +1
and k = ¢ — 1. Thus there is only one term in f; + (—1)k2+2+P2f, in which ¢; = py
given by

Ik ky
<\/k1(k1 FO)L(h+ )2+ D)C2a + D2k + D@2 + 1)+ 7 Lt
1 p1 by 1 p

ll kl b1 ll kl b1 p1m p1—m
kl(kl + 1)(2k1 + 1)\/(2]91 + 1)(QQ1 + 1) { 1 p Ky } { 1 p1 kv Cp11511ucq11t11u5p1q1

(A.33)

This term leads to the contribution ( by using the tables on page 311 of 23] )

1
Z A_M P181p282)14(—,)/(191 —m-—=Vvp2— 32)(—1)31+32+VC£11;?1M

P151,p252
<O pi(p1+ 1)Os(p1,p2) = ~Trp LV AN O5(Ar, Ag) LV AV, (A34)
where
(21 +1)(2ks +1) (21 +1)(2l + 1)
Os(p1, = —4(L+1)
3P, p2) k§2 llz kEy(k1+ 1)+ Eka(ke+ 1) li(ly + 1) + 12(lo + 1)
kil ? ko l 2
X[l _ (_1)R+p1+p2] {p_l Ll Ll } {p; ; 2 }

2 2 2 2 2 2

ki(ky + 1) (I(l 4+ 1) = ky (ks + 1))
X y - .
pi(p1+1)

(A.35)
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The remaining terms has the structure

1 1— —1 —1—
e My (ks pugy) + O CRL ™ (Kl pran) (A.36)

where

l k
e (eilipran) = V2pi + )2a1 + Dki(kn + D2k + 1) 0 7 P
Lp 41k

<\/11(11+1)(211+1){k1 " q1}+\/k1(k1+1)(2k1+1){l1 g m}).

1p1i111 1p1i1k1
(A.37)

We have the final contributions

>y Agi(p151p252)Agg(QItlp2 — 59) (= 1) Fe ORI ORI T S (pr, pof)A 38)

P151,p252 q1t1

where

£y =20+12 Y Y kl(@’ﬁ + D@2k +1) (2 +1)(2+1)

P ki +1) + ka(ka + 1) lh(lh + 1) + la(la + 1)
1,R2 01,02

2
1= ()R (1)t {‘2 p 2} {q; i 2} {p_ p l_} s
2 2 2

2 2 2 2 2 2
(A.39)

It is not difficult to show that the contributions ({A.3§) will involve anticommutators be-
tween AEP and Lgl) instead of commutators. Hence it is of the same type as the scalar
action

Trr|La, Ad)? (A.40)

Indeed we have shown in [[J] that ([A.3) ( or more precisely the analogue of (A.3§) for a

single fuzzy S? ) is the sum of four terms each of the form

~Tr[Vi(AD), LA (A1, Ag) [V (AY), LV (A.41)

a

Following the same method used in reference [[J] we can give explicit expressions for the

operators V; and A;; by comparing (A.3§) and (A.39) from one hand and (A.4])) from the
other hand.
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